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ABSTRACT
Supernova remnant (SNR) shocks provide favourable sites of cosmic ray (CR) pro-
ton acceleration if the local magnetic field direction is quasi-parallel to the shock
normal. Using the moving-mesh magneto-hydrodynamical (MHD) code Arepo we
present a suite of SNR simulations with CR acceleration in the Sedov-Taylor phase
that combine different magnetic field topologies, density distributions with gradients
and large-scale fluctuations, and – for our core-collapse SNRs – a multi-phase interstel-
lar medium with dense clumps with a contrast of 104. Assuming the hadronic gamma-
ray emission model for the TeV gamma-ray emission, we find that large-amplitude
density fluctuations of δρ/ρ0 & 75 per cent are required to strongly modulate the
gamma-ray emissivity in a straw man’s model in which the acceleration efficiency is
independent of magnetic obliquity. However, this causes strong corrugations of the
shock surface that are ruled out by gamma-ray observations. By contrast, magnetic
obliquity-dependent acceleration can easily explain the observed variance in gamma-
ray morphologies ranging from SN1006 (with a homogeneous magnetic field) to Vela
Junior and RX J1713 (with a turbulent field) in a single model that derives from
plasma particle-in-cell simulations. Our best-fit model for SN1006 has a large-scale
density gradient of ∇n ' 0.0034 cm−3 pc−1 pointing from south-west to north-east
and a magnetic inclination with the plane of the sky of . 10◦. Our best-fit model
for Vela Junior and RX J1713 adopts a combination of turbulent magnetic field and
dense clumps to explain their TeV gamma-ray morphologies and moderate shock cor-
rugations.
Key words: Magnetohydrodynamics (MHD) – supernova remnants – cosmic rays –
shock waves – Sedov explosions
1 INTRODUCTION
Ions are believed to be accelerated to relativistic energies
at astrophysical shocks, which gives rise to the observed
CR population in the Galaxy (Hillas 2005, Blasi 2013 for
a review). In particular, the process of diffusive shock ac-
celeration (Axford et al. 1977; Krymskii 1977; Blandford &
Ostriker 1978; Bell 1978a,b) enables particles to gain en-
ergy through multiple shock crossings as they scatter back
and forth on magnetic field irregularities. The emerging non-
thermal spectrum follows a universal power-law momentum
spectrum (Bell 1978a; Blandford & Ostriker 1978). Super-
nova explosions and subsequently formed remnant shocks
are considered to be ideal environments for acceleration be-
cause of the large spatial extent and lifetime that provides
sufficient confinement to reaching high energies (Ghavamian
et al. 2013; Neronov 2017). The most energetic CRs are able
to escape upstream the shock and propagate to larger dis-
tances in the interstellar medium (ISM) while less energetic
CRs are advected downstream and only released at a later
time (Bell et al. 2013).
Evidence for efficient acceleration of CR electrons is pro-
vided by the observation of elongated but narrow X-ray syn-
chrotron filaments that are aligned with the shock surface
such as in Tycho (Hwang et al. 2002; Warren et al. 2005;
Cassam-Chena¨ı et al. 2007), Vela Jr. (Bamba et al. 2005),
or SN1006 (Bamba et al. 2003; Katsuda et al. 2010), see also
Parizot et al. (2006) for an overview. Modelling the emission
requires fast electron synchrotron losses in a strongly ampli-
fied magnetic field in the upstream (Morlino et al. 2010,
for the case of SN1006), which is likely realised through
the non-resonant hybrid instability (Bell 2004; Caprioli &
Spitkovsky 2014b), providing indirect evidence for efficient
proton acceleration. This evidence is further strengthened by
multi-wavelength analyses that take into account the SNR
evolution, hydrodynamics of the shock (assuming spherical
symmetry), magnetic field amplification and the dynamical
backreaction of CRs and self-generated magnetic turbulence
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on the shock (Berezhko et al. 2003; Zirakashvili & Aharonian
2010; Morlino & Caprioli 2012). The total density jump as
measured from far upstream to the downstream exceeds the
canonical limit of four (for an ideal gas with adiabatic index
5/3) due to the increased compressibility of the additional
relativistic pressure of CRs (Chevalier 1983; Castro et al.
2011; Caprioli & Spitkovsky 2014a; Pfrommer et al. 2017).
This implies a smaller distance between the contact disconti-
nuity (CD) and the forward shock (FS) as observed in Tycho
(Warren et al. 2005) as well as in SN1006 (Cassam-Chena¨ı
et al. 2008), where this CD-FS distance shows a distinctive
azimuthal variation such that it is shorter in the polar cap
regions, which show efficient amplification of the magnetic
field due to efficient CR proton acceleration (in part, the
CD-FS distance is reduced by the Rayleigh-Taylor instabil-
ity of the CD).
Of particular interest is the very high energy (VHE)
gamma-ray emission from SNRs in the GeV and TeV regimes
(Hillas 2005), which directly probes the CR component with-
out the need to model the magnetic field. Exceptional ex-
amples are shell-type SNRs, such as SN1006, Vela Jr. and
RX J1713-3948.5 (RX J1713 for short). Gamma-ray emis-
sion associated with these objects can be produced in two
different models (Gabici & Aharonian 2016; Marcowith et al.
2016). In the hadronic model pi0 mesons are produced in in-
elastic CR-gas interactions and decay into pairs of gamma
rays (Caprioli 2011). In the leptonic model the gamma-
ray radiation arises from a combination of inverse Comp-
ton scattering of the cosmic microwave background (CMB)
and starlight photons off of the accelerated CR electrons
and non-thermal bremsstrahlung. Following the CR electron
spectrum in three-dimensional MHD simulations of SNRs
and modelling the multi-frequency spectrum and emission
maps from the radio to gamma-rays suggests that the GeV
gamma-ray regime has a significant leptonic contribution
while the TeV range is dominated by hadronic gamma rays
(Winner et al. 2020).
The leptonic model naturally produces hard gamma-ray
spectra while such a spectrum can also be obtained in the
hadronic model when considering a clumpy ISM. Magnetic
insulation of these dense clumps only allows high-energy CR
protons to penetrate into the dense regions, which implies a
substantial hardening of the proton spectrum in comparison
to the acceleration spectrum in the diffuse ISM (Gabici &
Aharonian 2014; Celli et al. 2019). Combining synchrotron
and inverse Compton fluxes in the leptonic model produces
volume-filling magnetic field strengths of ≈ (10 − 35)µG
(Gabici & Aharonian 2016; Winner et al. 2020). These are
only in agreement with mG-field strengths inferred from X-
ray synchrotron filaments when assuming a clumpy medium,
arguing for a detailed study of SNR emission maps. By con-
trast, many previous studies focused on matching the multi-
frequency spectra with spherically symmetric models of the
SNR evolution and neglecting the diversity of morphological
appearances of the observed shell-type SNRs.
In fact, the orientation of the upstream magnetic field
plays an important role in the acceleration process. Self con-
sistent hybrid particle-in-cell (PIC) simulations show that a
quasi-parallel configuration is much more efficient in accel-
erating CR protons in comparison to a quasi-perpendicular
shock geometry (Caprioli & Spitkovsky 2014a; Caprioli et al.
2015). These PIC simulations also show that the normal-
isation of the non-thermal spectrum decreases with time
(Caprioli & Spitkovsky 2014b), which keeps the energy in
the non-thermal tail saturated despite the linear increase
of the maximum CR particle energy with time (Caprioli &
Spitkovsky 2014c) so that the maximum acceleration effi-
ciency of CR protons at quasi-parallel shocks is limited to
≈ 15 per cent (Caprioli & Spitkovsky 2014a). The idea that
the resulting emission could depend on the direction of the
magnetic field in the X-ray band has also been discussed
(Rothenflug et al. 2004). In our previous papers (Pais et al.
2018, 2020; Winner et al. 2020), we find that the global
topology of the magnetic field is fundamental in reproducing
the diversity of observed gamma-ray emission that ranges
from a bi-lobed to a patchy morphology. While an approx-
imately homogeneous magnetic field produces a bi-lobed
gamma-ray emission, a turbulent field manifests itself in a
patchy emission characteristics. In this scenario, gamma-ray
bright regions result from quasi-parallel shocks which are
known to efficiently accelerate CR protons, and gamma-ray
dark regions point to quasi-perpendicular shock configura-
tions. In the case of an extremely small magnetic correlation
length the emission approaches an isotropic emission, albeit
with a reduced effective acceleration efficiency (Pais et al.
2018).
The interaction of a supernova explosion with a gas
cloud has been explored in various works (Chevalier 1974;
Korolev et al. 2015) and more recently with highly-evolved
individual explosions (Zhang & Chevalier 2019). In particu-
lar, interstellar turbulence and its effect on CR acceleration
(Scalo & Elmegreen 2004) has been the subject of various
studies in the past years (Elmegreen & Scalo 2004 for a re-
view). Simulations of single SNe have been performed in an
inhomogeneous ISM (Walch & Naab 2015) as well as in the
presence of a clumpy circumstellar medium (Obergaulinger
et al. 2014; Pais et al. 2020). The clumpiness of the medium
is often assumed to be the sole source of irregularity of the
emission morphology, especially for strongly asymmetric dis-
tributions of heavy elements like Si and Fe in the surround-
ings of SNRs as confirmed by XMM-Newton measurements
(Li et al. 2015).
Following the spirit of this work, we simulate how an in-
homogeneous medium affects and regulates the TeV gamma-
ray morphology of SNRs in the Sedov-Taylor phase. We per-
form our simulations with various magnetic field configura-
tions combined with magnetic obliquity-dependent shock ac-
celeration. In order to infer morphological properties of the
ambient medium of observed SNRs, we compare the result-
ing emission maps, radial and azimuthal profiles with three
well-known examples of shell-type SNRs such as SN1006,
Vela Jr. and RX J1713. For simplicity we use an initial
setup of a point explosion that evolves into the Sedov-Taylor
solution. The gamma-ray emission from the resulting SNR
is then computed using a hadronic model of decaying pi-
ons. Our goal is to find a consistent model that simultane-
ously explains the detailed gamma-ray spectrum as well as
the morphological variance of the TeV gamma-ray emission
maps.
This paper is organised as follows. In Section 2 we
present the methodology used to prepare our initial con-
ditions for the various models with particular focus on the
generation of an initial turbulent density and magnetic field.
In Section 3 we present our suite of SNR simulations with
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different combinations of magnetic fields (homogeneous and
turbulent) and density distributions (homogeneous, with a
gradient, turbulent and a combination of a gradient and tur-
bulence), yielding a wide range of different morphologies.
For comparison, we also test a straw man’s model of an
isotropic acceleration scenario (i.e., independent of magnetic
obliquity). In Section 4 we compare the observed gamma-ray
map, radial and azimuthal profiles of SN1006 with our sim-
ulations for different degrees of turbulence and inclinations
of the field of view and infer properties on the local ISM. In
Section 5 we compare radial and azimuthal profiles of tur-
bulent SNRs Vela Jr. and RX J1713 to the models with a
turbulent magnetic field and a non-obliquity dependent ac-
celeration for various density setups. In Section 6, we study
the effect of strong density fluctuations on the gamma-ray
morphology of a core-collapse SNR in its early Sedov stage.
In Section 7, we show that we can match the gamma-ray
spectra of all three SNRs for our adopted parameters and
summarise the main findings and conclude in Section 8.
2 METHODOLOGY
Here we present our methodology and briefly explain the
procedure used to implement obliquity dependent CR accel-
eration, the turbulence in the ISM and in the initial mag-
netic field. Results of this setup are shown in Section 3.
2.1 Simulation method
The simulations presented in this paper are performed with
the massively parallel, adaptive moving mesh-code Arepo
(Springel 2010). We use an improved second-order hydro-
dynamic scheme with the least squares-fit gradient estimate
and a Runge-Kutta time integration (Pakmor et al. 2016).
Ideal MHD is used to model the magnetic fields (Pakmor
& Springel 2013) while zero-divergence is enforced through
the implementation of a Powell scheme (Powell et al. 1999).
CRs are modelled as a relativistic fluid with a constant rel-
ativistic adiabatic index of 4/3 in a two-fluid approximation
(Pfrommer et al. 2017).
Shocks are localised and characterised using the method
developed by Schaal & Springel (2015), where Voronoi cells
that exhibit a maximally converging velocity field along the
direction of propagation of the shock are selected, while
spurious shocks and numerical noise are filtered out. We
inject CR energy into the Voronoi cells in the immediate
post-shock regime of shock above a critical Mach number of
M > 3 (Pfrommer et al. 2017).
Following the results of hybrid PIC simulations per-
formed in Caprioli & Spitkovsky (2014a) we assume a max-
imum CR energy efficiency of 15 per cent for quasi-parallel
shocks. On the contrary quasi-perpendicular shocks are
found to be extremely inefficient accelerators. We note that
the value of the maximum CR energy efficiency is uncer-
tain. Arguments involving the Galactic CR energy budget
to match the power needed to sustain the observed Galactic
CR intensity favour average acceleration efficiencies of 3 to
10 per cent (Drury et al. 1989; Aharonian et al. 2006b; O’C.
Drury 2014; Kroll et al. 2015), which can be scaled to max-
imum CR acceleration efficiencies at quasi-parallel shocks
of 10 to 30 per cent (Pais et al. 2018), thus bracketing our
value of 15 per cent. The efficiency of the accelerated CRs is
computed using the orientation of the pre-shock upstream
magnetic field (Pais et al. 2018).
The presence of a strong current associated with
streaming CRs into the upstream region causes an exponen-
tial growth of the magnetic fluctuations via the non-resonant
hybrid instability (Bell 2004). These amplified fluctuations
saturate at wave amplitudes corresponding to the strength of
the mean magnetic field and cause the CR scattering mean
free path to decrease to values comparable with the fluctu-
ating gyroradius. This regime approaches the Bohm limit of
diffusion. On scales resolved by our simulations, we neglect
CR diffusion and streaming. To justify this approach we as-
sume Bohm diffusion and calculate the CR precursor length
for SNRs considered in this work and find
Lprec ∼
√
κBohmtage '
' 0.3 pc
(
〈pc〉
10 TeV
)1/2(
B
10µG
)−1/2(
tage
103yr
)1/2
,
(1)
where 〈pc〉 is the average energy associated with the protons
that emit TeV gamma rays through the inelastic proton-
proton reaction, B is the root-mean-square of the upstream
magnetic field and tage is the age of the remnant. The re-
sulting precursor length is below the size of our numerical
resolution ∆x = 0.4 pc, assuming a simulation box size of
40 pc that is filled with 1003 cells. Energy losses of accel-
erated CRs escaping upstream from the blast wave do not
affect the validity of the self-similar solution of the prob-
lem, causing only a negligible softening of the Sedov-Taylor
solution (Bell 2015). On the SNR timescales simulated, the
hadronic and Coulomb loss time scales are negligibly small
so that we only account for adiabatic CR losses.
2.2 Initial conditions
By analogy with Pais et al. (2018), we start with a random
Voronoi mesh that is regularised into a glass-like configu-
ration via Lloyd’s algorithm (Lloyd 1982). We inject the
equivalent of ESN = 1051erg of thermal energy in the cen-
tral cell of a 1003-cell periodic box with a side length of
L = 40 pc. The resulting explosion forms an energy-driven
strong shock expanding in an ISM characterised by a low
pressure of 0.44 eV cm−3, and a mean molecular weight of
µ = 1.4.
2.2.1 Magnetic field setup
To generate a turbulent magnetic field we follow the proce-
dure by Ruszkowski et al. (2017) and Pais et al. (2018). We
adopt a Kolmogorov-like power spectrum for the magnetic
field and generate the three magnetic vector components in-
dependently in Fourier space such that the resulting field
exhibits a random phase. We ensure that B is divergence-
free by projecting out the radial field component in Fourier
space. The degree of turbulence is determined through the
fraction fB of magnetic energy which goes into turbulent
modes, yielding
B2tot = B20 +B2turb (2)
where B20 = B2tot(1 − fB) represents the strength of the
mean field, B2turb = 〈δb2〉 = fBB2tot is the average value
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of the Gaussian random field, and δb(x) is the local value
of the turbulent field at the coordinates x = (x, y, z). Note
that 0 ≤ fB ≤ 1 where fB = 0 corresponds to a fully ho-
mogeneous field and fB = 1 corresponds to a fully turbu-
lent field. We adopt a plasma beta factor of β = 1 such
that the magnetic and thermal pressures are insignificant in
comparison to the kinetic energy of the propagating shock
front. To maintain hydrostatic equilibrium in the initial con-
ditions, magnetic fluctuations δB(x) are compensated by
adopting temperature fluctuations of the form nkBδT (x) =
−δB2(x)/(8pi). The small magnetic field strength implies a
small Alfve´n speed so that the tension force is only slowly
mediated and does not affect the dynamics of our powerful
shock wave.
2.2.2 ISM density setup
We model the multiphase structure of the ISM and adopt
a combination of (i) a large-scale linear density gradient,
(ii) large-scale turbulent density fluctuations that follow a
Kolmogorov spectrum, and (iii) a population of small, dense
gaseous clumps with a typical overdensity of 104 in compar-
ison to the ambient ISM.
The large-scale density gradient ρgrad is determined by
the constant density ρ0 and the slope parameter ∆. Sim-
ilarly to the magnetic field, we generate turbulent den-
sity fluctuations in Fourier space and vary the initial seed,
the correlation length and the amplitude of fluctuations
ρturb(x) = ρ0δρ(x). To avoid negative values for the den-
sity we adopt a density floor of 10−2ρ0. All these elements
are combined as follows:
ρ(x) =ρ0 + ρturb(x) + ρgrad(x) = ρ0 [1 + δρ(x)]
+ ρ2
[(
x
L
− 12
)
cosψ +
(
y
L
− 12
)
sinψ
]
, (3)
where L is the side length of our simulation box, ψ repre-
sents the angle between the direction of the density gradient
and the x−axis, δρ(x) is the generating functional of the tur-
bulent field, ρ2 =
√
2∆ρ0/(1 + ∆) is the amplitude of the
gradient such that ρ = ρ0(1 + ρ0δρ) for ∆ = 0 in case of
a vanishing gradient. The function ρgrad(x) is constructed
such that there are no negative values for the density in
the simulation box for any x, y ∈ [0, L] and ∆ ∈ [0,∞). To
avoid low-density cavities in the surroundings of the central
explosion, we shield the region with a constant homogeneous
density of ρ = ρ0 extending for a radius of 2 pc.
In order to reliably model the circum-stellar medium
of our core-collapse SNRs, we include a population of dense
gaseous clumps with a typical size of 0.1 pc and a number
density of ∼ 103cm−3 (Inoue et al. 2012). Following the gen-
eral setup as in Pais et al. (2020) and Celli et al. (2019), we
include 7 × 103 uniformly distributed small, dense clumps
with a number density of nc = 103 cm−3 and a diameter
of 0.1 pc of a total target mass of Mc = 45M engulfed by
the shock. Because of the quasi-Lagrangian property of our
moving mesh code Arepo, we resolve each small clump with
initially 1000 cells that are uniformly distributed within the
spherical clump volumes. As shown in Appendix A of Pais
et al. (2020), our simulations accurately follow the dynam-
ics of and inside every dense cloud that is site of vorticity
generation upon the passage of the shock wave. As a result,
Kelvin-Helmholtz instabilities start to mix cold, dense cloud
material with the ambient hot shocked gas, which causes the
formation of dense, ram-pressure stripped tails in the wake
of each cloud (see figure 2 of Pais et al. 2020).
This flexible setup allows us to study a wide range of
different situations and environments by modifying the am-
plitude of the density fluctuations, their coherence scale and
steepness of the gradient as well as their multi-phase na-
ture of thermally unstable dense clumps in the star-forming
surroundings of core-collapse SNRs.
2.3 Modelling gamma-ray emission and noise
To model the gamma-ray emission in post-processing we
assume that the CR population follows a universal power
law momentum spectrum. A pion-decay hadronic model is
used to calculate the omni-directional gamma-ray emissiv-
ity (Pfrommer & Enßlin 2004; Pfrommer et al. 2008) which
depends on the local ISM density, the local CR population,
the very-high energy (i.e. > 1 TeV) photon spectral index
αγ , and the energy range.
To compute the emission spectra of our simulations we
integrate a particle population described by a power law
in momenta with cutoff. The hadronic gamma-ray emission
spectrum is calculated from parametrizations of the cross
section of neutral pion production at low and high proton
energies, respectively (Yang et al. 2018; Kelner et al. 2006).
In order to match the morphological properties of the
observed gamma-ray emission maps we proceed with an
analysis of the power spectrum of the noise. We fit the
power spectrum with a specific function, convert it into a
noise map. This noise map is then superposed on the mock
gamma-ray emission map that was convolved with the ob-
servational point spread function (PSF). We will detail the
method to generate the noise properties in Section 4.
3 EXPLORING FLUCTUATIONS IN DENSITY
AND THE MAGNETIC FIELD
Using the previously described setup here we present a suite
of twelve SNR simulations (each with 1003 cells) and com-
bine different topologies of the magnetic field and different
density distributions. We also compare models of obliquity-
dependent CR acceleration to isotropic CR acceleration. The
gamma-ray emission maps in the energy range 1 − 80 TeV
with a spectral index of α = 2.1 are shown in Fig. 1 at a
SNR age of t = 1000 yrs. The images are not convolved
with a PSF and we do not add noise in order to maintain
the underlying setup as transparent as possible.
For these theoretical models we chose a simple setup
both for the density and the magnetic field. We start by
separately considering the components of the density distri-
bution of Eqn. (3). For the background density we select a
value of n = 0.1 cm−3. The density gradient has an inclina-
tion of ψ = 135◦ with respect to the x-axis, i.e., it is point-
ing from south-west (SW) to north-east (NE) and exhibits a
moderate gradient intensity of ∆ = 1 to avoid a strong con-
trast between the upper-left quadrant and the bottom-right
one. For the turbulence we chose turbulent fluctuations of
fρ = δρ/ρ0 = 0.5 and a coherence scale of λρ = L/2 for our
box size L = 40 pc. To avoid any correlation between mag-
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ρ = const.
obliquity dep. B0
B0
obliquity dep. Bturb isotropic
∇ρ
B0
∇ρ
ρturb
B0
ρturb +∇ρ
B0
∇ρ
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Spi0−γ [ph cm−2 arcmin−2 s−1] ×10−15
Figure 1. Impact of inhomogeneities density and magnetic field on the gamma-ray maps of SNRs in the Sedov-Taylor phase at tage =
103yr with side length L = 40 pc. The images are ordered according to their different initial conditions: the magnetic field configurations
and acceleration models differ between the three columns, and the adopted density distributions are different horizontally between each
row. The first two columns assume magnetic obliquity dependent CR acceleration at a homogeneous magnetic field (left) and a fully
turbulent fluctuations of relative amplitude fB = 1 and coherence length λB = 20 pc (middle) while the third column shows simulations
with a turbulent field (λρ = 20 pc) but with an isotropic CR acceleration model. We adopt the following density distribution for all three
simulations in each row: constant density (first row), an increasing gradient pointing from SW to NE (second row), turbulent density
fluctuation (third row) and a combination of turbulence and a gradient (fourth row). The arrows indicate the direction of the magnetic
field and the density gradient (if present).
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netic and density fluctuations in our turbulent simulations,
we used two distinct but fixed random seeds, respectively.
3.1 Density fluctuations
In the first column of Fig. 1 we show the models for a con-
stant magnetic field oriented with an angle of θ = 135◦ with
respect to the positive x-axis. The effect of the obliquity-
dependent shock acceleration in presence of an ordered mag-
netic field is manifested in the bi-lobed morphology of the
gamma-ray emission. The presence of a moderate gradient
in the second and fourth row results in NE lobe brighter
than the SW lobe as expected in the presence of more ISM
material on which the shock impinges so that the freshly
accelerated CR protons find more target gas in a hadronic
scenario.
3.2 Magnetic turbulence
In the central column of Fig. 1 we show the effect of a fully
turbulent magnetic field (fB = 1) that is superposed on
different density distributions. As expected, the obliquity-
dependent shock acceleration allows the creation of a patchy
distribution of the brightness echoing the distribution of the
underlying locally accelerated CR population (Pais et al.
2020). In particular, the combination with a turbulent den-
sity distribution (Fig. 1, third row, centre) is responsible for
a noticeable modulation of the gamma-ray intensity and ex-
plains the bright spot in the lower right corner close to the
remnant shell, an absent feature in the constant density map
(Fig. 1, first row, centre).
As expected in an isotropic acceleration scenario (Fig. 1,
right column) the gamma-ray emissivity shines along the
entire SNR shell and is only mildly modulated by local or
large-scale variations related to the particular density distri-
bution used in the simulation. Contrarily to the obliquity-
dependent case for turbulent fields depicted in the central
column, a considerable amount of emission is still present in
the centre of the remnant.
For isotropic models the emission in the centre is at
least twice as strong as the turbulent case. This is caused
by the efficient CR acceleration in the isotropic model so
that the emission is projected onto the central parts of the
SNR. By contrast, in the obliquity-dependent scenario for
the turbulent magnetic case we obtain a patchy structured
emission with bright spots in regions with a quasi-parallel
shock geometry and dark regions in locally quasi-parallel
shocks geometries. On average the acceleration process for
medium to large scale turbulence is 70 per cent less efficient
with respect to the non obliquity dependent case (Pais et al.
2018). This results in a stronger dispersion of the brightness
and a lower average absolute emissivity in the centre. Note
that observational noise and the presence of a population
of cold-dense clumps in a multi-phase ISM may play an im-
portant role and needs to be taken in consideration for the
morphological modelling of observed shell-type SNRs.
It is clear that the isotropic acceleration model fails to
reproduce both the emission morphologies (lobes and fila-
ments) and the strong azimuthal variation in the emission of
SN1006. Despite a significantly varying amplitude of density
fluctuations of 50 per cent, the azimuthal variation in the
isotropic-acceleration runs does not drop sufficiently to cre-
ate clearly defined filamentous structures in the shell. High-
amplitude turbulence in the ISM on scales comparable to
the size of the remnant might be a solution and could po-
tentially mimic a bi-lobed structure. We will come back to
this point in Section 6 and will show that the almost spher-
ically symmetric blast waves of the SNRs studied here put
a strong constraint on the level of large-scale inhomogeneity
of the surrounding ISM.
4 MORPHOLOGICAL MODELLING OF SN
1006
In the following two sections, we use our intuition developed
in our parameter study in Fig. 1 to find the most promising
combination of magnetic and density inhomogeneities in the
obliquity-dependent acceleration scenario to mock the ob-
served gamma-ray emission morphology of shell-type SNRs.
To this end, we analyse the bi-lobed morphology of Type
Ia SN1006 in this section and present our analysis of the
two shell-type core-collapse SNRs Vela Jr. and RX J1713 in
Section 5.
The gamma-ray excess map of SN1006 reported by the
H.E.S.S. Collaboration (2010) strongly correlates with the
synchrotron X-ray emission map and suggests an emitting
region compatible with a thin shell. The peculiar polar cap
geometry in the emission is also observed in other wave-
lengths such synchrotron X-ray emission, indicating an ac-
celeration process compatible with efficient quasi-parallel
shock acceleration (Winner et al. 2020). Polarimetric radio
observations of the limbs strongly suggests that the ambi-
ent field is aligned along the SE–NW direction (Reynoso
et al. 2013), as later confirmed by recent theoretical mod-
els (Schneiter et al. 2015). Moreover in Pais et al. (2020) is
shown that the correlation length of the magnetic field in
case of pure turbulence is at least 15 times the angular size
of the SNR and consistent with a homogeneous field across
the SNR.
All these models used a setup involving a homogeneous
ISM. However, if the TeV gamma-ray emission is mainly
from hadronic sources, the brighter NE lobe suggests the
presence of a large scale density gradient pointing from SW
to NE. Furthermore, the small-scale brightness variations at
the outer shock radius could either be caused by (i) density
inhomogeneities in the ISM that would corrugate the shock
upon colliding with these inhomogeneous structures or (ii)
by obliquity-dependent shock acceleration in combination
with small-scale turbulent magnetic field superposed on a
homogeneous magnetic field. We will study the impact of
both effects on the gamma-ray surface brightness maps in
the presence of a large-scale density gradient.
4.1 Simulation model
We proceed with a suite of simulations with the same large-
scale density gradient but with different setups for the den-
sity and magnetic field topology. We conducted a number of
exploratory simulations to test the steepness of the gradient
in order to faithfully reproduce the different TeV gamma-ray
brightness of the two lobes and match the measured fluxes
reported in H.E.S.S. Collaboration (2010). For the average
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Table 1. Comparison of simulation and observational parameters for the presented hadronic morphological models.
SN1006 Vela Jr. RX J1713
Parameter Simulation Observed Simulation Observed Simulation Observed
diameter θs [deg] 0.5 0.5 2 2 1 1
D [kpc] 1.79 1.45 − 2.2 0.5 0.2− 0.75 1 0.5− 1
diameter ds [pc] 15.6 12.6 −19.2 17.4 7.0− 26.1 17.4 8.7− 17.4
tage [kyr] 1 1 2.7 2.4− 5.1 3 1− 7.9
ESN [1051 erg] 1 − 1 − 1 −
density n [cm−3] 0.1 0.05 − 0.3 0.42 0.03− 1 0.57 0.02− 1
∇n [cm−3pc−1] 0.0034 − − − 0.02 −
Mc [M] − − 45 − 45 −
〈vs〉 [km s−1] 3000 2100− 4980 2000 > 1000− 3000 1100 800− 3900
Fγ(> 1TeV) [10−12ph cm−2 s−1] 0.4 0.39± 0.08 24 23.4± 5.6 16.3 16.3± 0.2
αp,e 1.95 1.79± 0.44 1.81 1.85± 0.24 1.7 1.52± 0.31
Ep,cut[TeV] 200 − 100 − 90 −
Ee,cut[TeV] 1.7 − 0.25 − 0.25
βp 2 − 2 − 2 −
βe 0.7 − 0.4 − 0.4 −
References 1, 2, 6, 8, 9, 10, 13, 21 2, 3, 4, 8, 10, 14, 16, 17, 19 5, 7, 8, 11, 12, 15, 19, 20
Notes: n denotes the diffuse ISM number density, ∇n is the large-scale density gradient, Mc is the target clump mass hit by the
remnant, D is the distance to the SNR, θs and ds are the angular and proper extent of the blast wave, 〈vs〉 denotes the shock velocity,
tage is the SNR age and Fγ is the integrated gamma-ray flux above 1 TeV. References: (1) Acero et al. (2007) ; (2) Acero et al. (2015);
(3) Allen et al. (2015); (4) Aschenbach et al. (1999); (5) Celli et al. (2019); (6) Dubner et al. (2002); (7) Federici et al. (2015); (8) Green
(2014); (9) H.E.S.S. Collaboration (2010); (10) H.E.S.S. Collaboration (2018b); (11) H.E.S.S. Collaboration (2018a); (12) Inoue et al.
(2012); (13) Katsuda et al. (2008); (14) Katsuda (2017); (15) Leahy et al. (2020); (16) Ming et al. (2019); (17) Slane et al. (2001); (18)
Takahashi et al. (2008) (19) Tanaka et al. (2011); (20) Tsuji & Uchiyama (2016); (21) Winkler et al. (2003).
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Figure 2. Left: Comparison of the noise power spectra of the observed emission map of SN1006 (H.E.S.S. Collaboration 2010) with the
signal regions masked and of the simulated gamma-ray map of SN1006 with a turbulent density fraction of δρ/ρ0 = 0. This shows that
our modelled noise nicely corresponds to the observed noise properties. Right: Sketch of the area used for calculating the azimuthal and
the radial profiles of the simulated models. We average the gamma-ray emission in the radial range 2/3 < r/〈rs〉 < 4/3 to obtain the
azimuthal profile while the lobe regions are used to compute the radial profiles for SN1006.
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Figure 3. Two-dimensional projected gamma-ray maps for SNR SN1006 and for three simulation models with a fixed density gradient
and different amplitudes of turbulent density fluctuations. The second and third panels show the simulated maps for fρ = 5 pc and
δρ/ρ = 0 and 0.5, respectively, while the rightmost panel shows the map for fB = 0.3, λB = 5 pc and δρ/ρ = 0. The emission in the
simulated maps is smoothed with a Gaussian PSF of width σ = 0.045◦. On the top of it, we add Gaussian noise with the power spectrum
inferred from HESS data, as shown in Fig. 2, at fixed random seed.
value of the density and SNR distance we used the same
values reported by the Pais et al. (2020). With reference to
Eq. 3 we used ψ = 135◦ for the orientation and ∆ = 0.9
for the density slope. In physical units this corresponds to a
density gradient of ∇n ' 0.0034 cm−3 pc−1 pointing from
SW to NE, which means that in the NE region the average
ISM density is 〈n〉 ∼ 0.12 cm−3 while in the SW rim we
find 〈n〉 ∼ 0.08 cm−3. Initially, we adopt a homogeneous
magnetic field 5 µG throughout the simulation domain.
Our baseline model does not adopt turbulent density
and magnetic fluctuations. Our second model assumes tur-
bulent density fluctuations with a amplitude δρ/ρ ∼ 0.5 and
coherence scale λρ = 5 pc. Finally, our third model has no
turbulent density fluctuations, but adopts magnetic turbu-
lence with fB ∼ 0.3 and coherence scale λB = 5 pc. We
simulated and evolved our SN1006 model for 1010 yrs, con-
structed the pion-decay gamma-ray surface brightness map
resulting from hadronic CR interactions and convolved it to
the observational PSF of width σ = R68/1.515 = 0.042◦,
with R68 = 0.064◦ (H.E.S.S. Collaboration 2010). All other
parameters used for the simulations are reported in Table 1.
4.2 Noise modelling
In order to disentangle physical effects that generate small-
scale brightness fluctuations from spurious instrumental ef-
fects, we need to accurately model the instrumental noise.
This noise dominates the lower excess counts and is normally
distributed with zero mean. Here, we explain our procedure
of generating such a noise map for our synthetic gamma-ray
emission maps. To this end, we calculate the noise power
spectrum of the excess map of SN1006 and exclude the emis-
sion of the NE and SW lobes. This is done by masking the
original excess map from the H.E.S.S. Collaboration (2010)
with a sharp cutoff equal to ccut = |cmin| where cmin = −20
is the minimum value of the excess counts of the H.E.S.S.
observations of SN1006. This procedure is justified by the
fact that the noise excess counts follow a normal distribution
with zero mean (see Appendix A).
The power spectrum of SN 1006 is obtained via a 2D
Fourier transform of the masked data set. The noise power
spectrum presents two features: (i) a large scale Gaussian-
like noise as expected from the PSF convolution of the in-
strument, and (ii) a small scale power law ∝ k−2 extending
to higher modes. We fit the power spectrum with the fol-
lowing function in k-space:
P (k) = A exp
(
− k
2
2σ2k
)
+Bk−2 (4)
where, σk represents the standard deviation in k-space and
the variables A and B determine the relative strength of
the Gaussian and the power-law tail. The black dashed line
in Fig. 2 shows the measured noise power spectrum of the
SN1006 excess map in comparison to the simulated noise
(blue line). We assume that the noise is fully characterised
by two-point correlations and obtain a random realisation of
the noise via 2D inverse Fourier transform. This noise map is
then superposed on the mock gamma-ray emission map that
was convolved with the observational point spread function
(PSF).
4.3 Simulated TeV emission
We show the resulting synthetic maps of SN 1006 in com-
parison to the original excess map in Fig. 3. We report three
gradient models with the following assumptions (from left
to right): (i) no density fluctuations, (ii) density fluctuations
with δρ/ρ = 0.5 and no magnetic field fluctuations, and (iii)
magnetic field fluctuations with δB/B = 0.3 and no density
inhomogeneities. This enables us to separately analyse the
effect of these configurations on the morphology of SN1006.
While our noise modelling is responsible for emission in
regions where the acceleration is supposed to be extremely
inefficient or absent, the density perturbations are able to
corrugate and smooth the boundaries of the lobes, in partic-
ular of the SW lobe for the chosen seed. The resulting picture
appears with a defined bi-lobed structure and an increasing
level of turbulence in the medium causes the emergence of
secondary morphological details. We notice that density per-
turbation of δρ/ρ = 0.5 (third picture of Fig. 3) affect the
morphology of the SW lobe resulting in a fainter surface
brightness and a broader shape. This suggests that our pre-
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Figure 4. Top left: emission map of SN1006 (H.E.S.S. Collaboration 2010). Top right: our best match for SN1006 without density
fluctuations and a rotation angle θ = 10◦. Bottom left: radial profiles of the surface brightness. Profiles of the best match for θ =
[0◦, 10◦, 20◦, 30◦] are reported for comparison with the observed one (black dashed line). The grey-filled areas represent the standard
deviations of the observed radial profiles, respectively. The more strongly inclined cases (θ = 20◦ and θ = 30◦) fail to reproduce the
declining emission inside and outside the maximum. Bottom right: Comparison of simulated azimuthal profiles of SN1006 and observed
data (black dashed line) with standard deviation (grey). While there is broad agreement between the models and observation, the NE
cap (at around 90◦) is narrower in the HESS observation.
ferred model for SN 1006 in the TeV gamma-ray band is
given by a model with homogeneous density.
Similarly, we observe the emergence of secondary mor-
phological details from a moderate level of turbulence in the
magnetic field (fourth picture of Fig. 3) in our obliquity de-
pendent CR acceleration scenario. We compare this model
with a coherence scale at ∼ 1/3 the size of the remnant
to our other two models with a homogeneous density and a
moderate level of density inhomogeneities. In spite of the low
level of magnetic fluctuations (δB/B = 0.3) the morphology
significantly deviates from the observed bi-lobed shell-type
morphology of SN1006 and shows significant substructures.
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In addition, this model is also ruled out by the excess of
the emission in the central region of the remnant which con-
trasts to the clean separation of the two lobes as observed
by the H.E.S.S. collaboration. This sets an approximate up-
per limit for the local turbulence of the magnetic field in a
obliquity dependent scenario.
Another degree of freedom is the orientation of the ho-
mogeneous magnetic field B0 with respect to the line of
sight. To study its influence on the emission map and (ra-
dial and azimuthal) profiles, we perform a three-dimensional
(3D) rotation of the SNR around the axis perpendicular to
the orientation of B0 into the line of sight. We show differ-
ent inclinations (θ = [0◦, 10◦, 20◦, 30◦]) of B0 with respect
to the plane of the sky, similarly to Bocchino et al. (2011)
for the X-ray emission to constrain the 3D orientation of
the magnetic field of SN 1006. Note that this is somewhat
degenerate with the assumed 3D orientation of the density
gradient that we also assume to lie in the plane of the sky.
An increasing inclination results in a less pronounced
peak and a broader distribution of gamma rays as the
hadronic emission from the efficiently accelerated CRs at the
quasi-parallel shocks changes from being limb-brightened to
contributing to a broader solid angle on the sky. The top
right panel in Fig. 4 shows our best match for SN1006 after
the aforementioned rotation of the SNR. Indeed, the lobes
appear slightly more diffuse, predominantly in the internal
regions.
To quantify the effect of magnetic inclination we com-
pute the radial and azimuthal profiles of our synthetic maps
according to the sketch shown on the right-hand side of
Fig. 2. The radial profiles are computed within the quad-
rants where quasi-parallel shock acceleration takes place
while the azimuthal profiles show an average in the radial
range 2/3 < r/〈rs〉 < 4/3, where rs is the average shock
radius of the SNR.
The comparison of the post-rotation radial profiles to
the observed radial profile of SN 1006 provides an important
constraint for the maximum magnetic inclination. These
profiles are show in the bottom panels of Fig. 4. We in-
clude a 1σ standard deviation grey-filled area to the ob-
served SN1006 profiles. While larger inclinations (θ > 10◦,
orange and red lines) result in emission profiles that are too
extended, an inclination of θ ≤ 10◦ is in better agreement
with the observed radial profile. Barring our remark about
the orientation of the density gradient, we conclude that the
magnetic inclination does not exceed 10◦ with respect to the
plane of the sky.
A minor element of discordance can be also found in
the azimuthal profiles (Fig. 4, bottom right) for different ro-
tation angles. While the simulated SW lobes coincide with
the observed one in relative brightness and extension, the
simulated NE lobe is slightly broader in comparison to the
observed lobe. This suggests that the critical angle for the
magnetic obliquity may be smaller than 45◦ inferred by re-
cent PIC simulations. Regardless the spatial rotation all the
models reproduce the observed modulation of the two lobes
within the 1-σ uncertainty.
5 MORPHOLOGICAL MODELLING OF CORE
COLLAPSE SNRS
We now turn to two other well-known SNRs with a clear
shell-type morphology: Vela Jr. and RX J1713. Both SNRs
are of core-collapse origin which means that the ambient
ISM is a star-forming region of multi-phase, turbulent gas.
We account for this by simulating the supernova explosion
in a multiphase ISM with a large population of small, dense
gaseous clumps with a typical overdensity of 104 in com-
parison to the ambient ISM and adopt a purely turbulent
magnetic field without a mean field, B0 = 0.
5.1 Observational constraints on Vela Jr.
The H.E.S.S. Collaboration (2018b) has observed TeV
gamma-ray emission from the SNR Vela Jr. (RX-J0852.0-
4622) with a resolved gamma-ray spectrum. Estimates on
the SNR age vary from a very young remnant of ∼ 700 yrs
(Aschenbach et al. 1999) to an older object of more than
5000 yrs (Katsuda et al. 2008). The SNR can be a nearby
object at D = 0.2 kpc, as inferred from studies of the decay
of 44Ti nuclei (Iyudin et al. 1998), or a more distant one at
D = 0.75 kpc, as inferred from the slow expansion of X-ray
filaments (Katsuda et al. 2008). The presence of interstel-
lar molecular clouds suggests that the origin of TeV-gamma
rays from these objects is mainly hadronic (Fukui 2013).
The lack of thermal X-ray emission places a very low
limit at n = 0.03 cm−3 while assuming a homogeneous
environmental density (Slane et al. 2001). However, if the
ISM is composed of dense clumps that are embedded in a
lower-density hot ambient phase, the resulting thermal X-
ray emission (of the hot phase) is lower while the presence
of the dense clumps implies a higher average density. A con-
ventional approach in the hadronic model is to use a density
of the order of n ∼ 1 cm−3 (Aharonian et al. 2006a), while
hydrodynamic models suggest values of less than 0.4 cm−3
(Allen et al. 2015). More recently HI and CO measurements
and partial morphological correspondence with the TeV-
gamma ray morphology indirectly suggest an extremely high
average ISM density of the order of n ∼ 100 cm−3 (Fukui
et al. 2017). However there is no direct observational ev-
idence that the clumped gas is in direct physical contact
with the shock-accelerated cosmic rays. In fact the passage
of the shock dissipates kinetic energy, heats the ions to par-
ticle energies of several keV and is directly responsible of
dissociation of CO and H2 and the ionisation of the neutral
part of the clouds on a time-scale of the order of a few years
(Celli et al. 2019).
As the shock overruns the magnetised ISM, magnetic
fields are draped around the dense clouds, precluding the
diffusion of cosmic rays deep into the cloud so that the TeV
cosmic rays can only probe a narrow skin of the cloud. The
penetration depth of this skin can be estimated by realis-
ing that the draped magnetic field reaches strength of order
B ≈
√
8piαρv2 ≈ 1mG (Dursi & Pfrommer 2008; Pfrommer
& Dursi 2010) for typical parameters α = 2, n = 0.1 cm−3,
and vs = 3000 km s−1. If the average ISM density were in-
deed 100 cm−3 (Fukui et al. 2017), this should yield draped
magnetic field strengths of 32 mG, which should be observ-
able via Zeeman splitting of which there is no evidence which
argues against such a high average density. The skin depth
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of the dense cloud reachable by TeV CRs, assuming Bohm
diffusion, varies from a few to several gyro radii:
rg =
p⊥c
eB
≈ 10−6 pc
(
pc
TeV
)(
B
mG
)−1
(5)
which is negligible in comparison of the cloud size (0.1 pc).
Even if the magnetic wrap is not perfect and CRs can pene-
trate 100 gyro radii inside the cloud, then the fraction of the
cloud volume seen by the TeV CRs is ∆V ∼ 1−(1−10−3)3 ∼
3×10−3. Our assumed total dense cloud mass of 45 M that
is physically associated with the SNR is a fraction of 2×10−3
of the available gas mass of 2.5×104 M (Fukui et al. 2017)
towards the Vela Jr. region, some of which may be projected
onto the SNR but is not physically associated to it and only
a tiny fraction of the molecular and neutral gas inside the
Vela Jr. SNR is seen by cosmic rays due to magnetic draping,
suppressing cosmic ray propagation into the cloud before the
cold gas gets ionised and dissociated. These considerations
justify our assumption of only accounting for CR advection
in our simulations.
In addition, not all the mass of the clumps engulfed
by the shock has been processed by the shock because of
the strong deceleration of the blast wave inside the clumps
(see Appendix of Pais et al. 2020). Combining these argu-
ments suggests that only a tiny fraction of the dense (neu-
tral/molecular) phase of the ISM is in physical contact with
the shock. For the magnetic field we decided to follow the
same prescription used in Pais et al. (2020) setting the co-
herence scale of the turbulent magnetic field to λB = 13 pc
and adopt fB = 1. The entire set of parameters used in the
simulation is summarised in Table 1.
5.2 Observational constraints on RX J1713
RX J1713 represents another bright TeV-emitter with a dis-
tinct shell-like emission morphology. This SNR is subject to
intense studies thanks to its strong non-thermal X-ray emis-
sion and the detection of high-energy and very-high-energy
gamma-rays. Wang et al. (1997) suggested that RX J1713 is
linked to an AD393 guest star which, according to historical
records, appeared in the tail of constellation Scorpius, close
to the actual position of the remnant. This would put the
age of the remnant close to 1.6 kyr. More recent estimates
based on X-ray emission combined with hydro models in ho-
mogeneous media suggest an older remnant age of 6.8+1.1−2 kyr
(Leahy et al. 2020).
The distance of the object is estimated to be around
1 kpc (Fukui et al. 2003) while Tanaka et al. (2008) suggests
a distance interval between 0.5 kpc and 1 kpc. Assuming
a free expansion model this translates into an upper limit
of the average shock speed of about 〈vs〉 = 6300 km s−1.
Proper motions of bright X-ray filaments instead place the
shock velocity between ∼ 1000 km s−1 and ∼ 4000 km s−1
(Fukui et al. 2003).
A hadronic origin of the TeV gamma-ray emission in RX
J1713 was suggested in several papers (Zirakashvili & Aha-
ronian 2010; Gabici & Aharonian 2014). The distribution of
gas in RX J1713 is crucial to establish the origin of the ob-
served gamma-rays. An upper limit for the diffuse density of
< 2 cm−3 is derived from non thermal X-rays measurements
(Takahashi et al. 2008). To explain the lack of thermal X-ray
emission Cassam-Chena¨ı et al. (2004) sets an even lower up-
per limit for the ambient density of n ∼ 0.02 cm−3. However,
this argumentation can be circumvented by introducing a
densely clumped environment.
Studies of non-thermal X-ray emission, TeV gamma-ray
emission and their partial spatial correlation with HI ans H2
suggest the presence of numerous dense clumps in the ISM
(Fukui et al. 2003; Sano et al. 2015; Rowell et al. 2009).
However the same argument used for Vela Jr. applies: the
lack of direct evidence of physical contact between the gas
distribution and the shock and the subsequent ionisation of
HI casts doubts on its physical association with the SNR.
The interaction of a blast wave with interstellar clouds and
its application to RX J1713 has been studied in Inoue et al.
(2012) and applied in Celli et al. (2019) for a shock wave with
constant velocity interacting with a target mass of 45 M.
Recently, Tsuji & Uchiyama (2016) calculated the evo-
lution of RX J1713 in various scenarios such as the case
of an expansion in a wind-blown cavity with a typical den-
sity profile ρ ∝ r−2 and a free expansion dominated by the
ejecta (ρej ∝ r−n with n = 7). Here we consider simple
Sedov-Taylor expansion models which represent the upper
limit for the expansion of a SNR in homogeneous media
(Truelove & McKee 1999).
To reproduce the saturated NW rim of the remnant we
applied a homogeneous positive large-scale gradient to the
initial conditions pointing from SE to NW with ∆ = 1.6, cor-
responding to a density gradient of ∇n = 0.02 cm−3 pc−1.
Superposed on this density gradient we insert a population
of dense clumps of size 0.1 pc using exactly the same setup as
for Vela Jr. For the magnetic field we selected a fully turbu-
lent setup (fB = 1) with a coherence length of λB = 13 pc,
not too dissimilar from the size of the remnant (∼ 17.4 pc).
The entire set of parameters used in the simulation is sum-
marised in Table 1.
5.3 Simulations
Figure 5 shows the comparison between the observed excess
brightness maps of Vela Jr. and RX J1713 (left-hand side)
and our PSF-convolved synthetic maps derived from turbu-
lent models with density inhomogeneities and dense clumps
(right-hand side). To model the noise in the post-processing
we applied the same method used for SN1006. In the final
step we rotate the surface brightness maps in order to ap-
proximately match the low and high emissivity outer shell
regions of the observed maps. Our simulation models pro-
vide a good agreement with the data.
The presence of high-density molecular clumps provides
an important contribution to the global emission morphol-
ogy. The effect of the clumps on RX J1713 is shown in Fig. 6.
While we notice that the orientation of the magnetic field
is mainly responsible of the patchy morphology of the outer
shell the clumps add several bright spots to the map with-
out modifying the expansion history of the SNR due to their
negligible volume filling factor. A comparison with the left-
hand side figure in the bottom row shows that the strong
smoothing applied to the synthetic maps makes it impossi-
ble to resolve the emission originating from a single isolated
clump and that clusters of bright clumps are similar to large
magnetic field patches oriented quasi-parallel to the shock
normal, thus enabling efficient CR acceleration.
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Figure 5. Comparison between observed gamma-ray emission maps (left) of Vela Jr. (H.E.S.S. Collaboration 2018b) and RX J1713
(H.E.S.S. Collaboration 2018a) and simulated gamma-ray maps (right) of the SNRs for our model with obliquity-dependent CR accel-
eration, a turbulent magnetic field with fB = 1 and λB = 13 and additionally a gradient for RX J1713 with ∆ = 1.6. In our simulated
maps we add Gaussian noise with the observed power spectrum and use the PSFs appropriate to each observation (0.08◦ and 0.036◦ for
Vela Jr. and RX J1713, respectively). We also rotated mock emission maps of the SNRs to match the azimuthal position of the faintest
region in the shell.
The effect of obliquity-dependent shock acceleration is
better shown in Fig. 7, where we compare radial and az-
imuthal profiles of our simulated gamma-ray maps to those
of the excess maps of Vela Jr. and RX J1713. We consider
the two cases of (i) obliquity-dependent shock acceleration
in a turbulent magnetic field and (ii) isotropic CR acceler-
ation, both for a constant ambient density and and global
density gradient. While the pure isotropic models (without
clumps and PSF smoothing) show and enhance level of sur-
face brightness in the central region compared to the obliq-
uity dependent acceleration models (see Fig. 1), the inclu-
sion of dense clumps and convolution with the observational
PSF fills in the central parts to similar emission levels.
Most notably, the isotropic acceleration models cannot
reproduce the observed azimuthal small-scale variations in
the surface brightness as shown in the right-hand panels of
Fig. 7. Interestingly, obliquity-dependent acceleration mod-
els are able to modulate the emissivity peaks on a relatively
small scale, in a statistically similar fashion. This is a clear
prediction of an obliquity-dependent CR acceleration in a
turbulently magnetised ISM, in which the morphology of the
magnetic field, in tandem with emission from dense clumps,
is responsible for the VHE emission morphology observed
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Figure 6. Comparison between the simulated surface brightness maps of RX J1713 without clumps (top row) and with clumps (bottom
row). The comparison between the maps without (left) and with PSF smoothing (right) shows the contribution of the clumps in specific
portions of the outer shell and in the central region. While most of the gamma-ray substructure is due to obliquity-dependent CR
acceleration, individual bright patches in the map can be due to the hadronic emission of dense clumps.
by imaging air Cerenkov telescope such as H.E.S.S. and en-
ables us to infer the magnetic coherence scale of the ISM
surrounding the SNR (Pais et al. 2020). We will address the
interesting question whether large-amplitude density pertur-
bations or extreme density gradients alone are able to mod-
ulate the surface brightness in a similar way to mimic the
VHE observations in Section 6.
6 THE CASE OF A HIGHLY TURBULENT
MEDIUM
Here we study the effect of strong density fluctuations on a
supernova explosion in its early Sedov stage at tage = 1 kyr.
We aim at answering two questions: (i) Can high-amplitude
turbulence in the ISM on scales comparable to or smaller
than the size of the remnant mimic a bi-lobed or patchy
VHE gamma-ray emission with strong, small-scale bright-
ness variations observed in the three SNRs studied here and
(ii) can localised strong variations of the density be respon-
sible for an extreme corrugation of the shock front and its
eventual disruption into smaller clumps, speeding up the
end of the Sedov phase, thus anticipating the beginning of
the snowplough phase and the eventual merging of the frag-
ments with the ISM? This dynamical effect may feedback
on the acceleration mechanism of CRs.
In order to test whether our core-collapse SNRs nec-
essarily require an obliquity-dependent acceleration model,
we adopt our isotropic CR acceleration model and system-
atically vary density fluctuations. To this end, we present a
set of 12 simulations with varying amplitude of turbulence
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Figure 7. Normalised radial (left-hand side) and angular (right-hand side) profiles of the models (blue lines) shown in Fig. 5 compared to
SNRs Vela Jr. (dashed dotted lines in the top row, H.E.S.S. Collaboration 2018b) and RX J1713 (dashed dotted lines in the bottom row,
H.E.S.S. Collaboration 2018a). The grey-filled area represents the 1σ uncertainty for both SNRs. The column labelled with “obliquity
dep. Bturb” shows our obliquity-dependent acceleration models for a turbulent magnetic field while the label “isotropic” refers to our
isotropic acceleration model. While both models reproduce the radial emission profiles well, the isotropic model clearly fails to capture
the azimuthal brightness variations seen in the data which is statistically consistent with our obliquity-dependent acceleration model.
from δρ/ρ = 0.25 to δρ/ρ = 1 at steps of 0.25, and varying
coherence scale of the fluctuations at steps of L/n with box
size L = 40 pc and n = [1, 2, 4]. We use the same setup as
in our previous models, which is described in Section 2, and
show results for the exact same random seed in Fig. 8. From
left to right we present an increasing turbulent amplitude
while the coherence scale of turbulence decreases from 40 to
10 pc from top to bottom.
We can clearly see that the shock becomes more cor-
rugated for decreasing coherence scale while increasing the
fluctuation amplitude at constant coherence scale has a com-
parably smaller impact on the azimuthal dependence of the
shock propagation speed. We notice that a coherence length
of about the size of the remnant or smaller has a strong
impact on the corrugation of the outer shell. In particular,
the cases of λρ = 10 pc and δρ/ρ ≥ 0.75 (two bottom right
panels of Fig. 8) show a disruption of the shock front at two
locations corresponding to extremely under-dense regions.
The breaking of the shell corresponds also to a lower global
gamma-ray surface brightness, signalling that less material
is accelerated and that eventually the shock escapes detec-
tion in that region.
Hence the appearance of a bi-lobed structure as in
SN1006 would require extreme fine-tuning of the density
distribution which clearly rules out this isotropic CR ac-
celeration scenario in this case. Our parameter study pre-
sented in Fig. 8 shows that in order to obtain significant sur-
face brightness variations as is observed in the core-collapse
SNRs RX J1713 and Vela Jr., the level of density fluctua-
tions needs to be significant, with δρ/ρ & 0.75. However, this
implies a heavily corrugated shock surface which appears to
be in conflict with the overall spherical appearance of SNRs
RX J1713 and Vela Jr.
This observation is separately quantified for both SNRs
by computing the histogram of the radii of the external
signal contours of the TeV gamma-ray emission maps (see
Fig. 8). First, we identify the centroid of the SNRs and—in
the case of the observations—exclude the background noise.
We then determine the external emission contour for both
remnants by choosing a threshold of 10 per cent of the max-
imum excess counts. We show the histogram of these radii,
normalised by an average radius 〈rs〉 for both remnants,
respectively, in Fig. 9. We compare those observed radial
emission profiles to the profiles of our simulation model
(assuming isotropic CR acceleration) for λρ = 40 pc with
δρ/ρ = 0.5 (blue line), for λρ = 20 pc with δρ/ρ = 0.75
(orange line), and for λρ = 10 pc with δρ/ρ = 1 (red line).
While large scale fluctuations with λρ = 40 pc show a mod-
erate dispersion despite the high level of density fluctuations,
the models with λρ ≤ 20 pc are not compatible with the well
defined radial dispersion of Vela Jr. and RX J1713. This al-
lows to constrain the level of large-scale density fluctuations
to be less than 75 per cent and λρ > 20 pc. The resulting
gamma-ray patchiness is thus not any more strong enough to
explain the small-scale gamma-ray brightness variations ob-
served in the SNRs RX J1713 and Vela Jr., which thus rules
out this isotropic CR acceleration scenario in these SNRs as
well and favours the obliquity-dependent CR acceleration
scenario in all shell-type SNRs studied.
The maps with a high level of turbulence and a small
coherence scale have a fainter surface brightness. To quantify
the lower gamma-ray efficiency of small-scale highly turbu-
lent SNRs, we show the fluxes of our 16 models as a function
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Figure 8. Gamma-ray emissivity from SNRs in the Sedov-Taylor phase with large-amplitude density fluctuations in our isotropic
acceleration scenario that does not depend on magnetic obliquity. From left to right the fluctuation strength increases from 0.25 to
1 with respect to the average density in steps of 0.25. From top to bottom the correlation length for the density fluctuations are, in
decreasing order: 40 pc (top row), 20 pc (middle row) and 10 pc (bottom row). The maps are taken at tage = 103 yrs after the explosion
and all exhibit the same average number density of 0.1 cm−3. The maps have a side length of L = 20 pc and are smoothed with the
PSF of RX J1713 with σ = 0.036◦. The dashed white curves denote the emission contours used in the histograms of Fig. 9 to quantify
the degree of corrugation of the outer shell boundary of the gamma-ray emission.
of the degree of turbulence and of the coherence scale in the
right-hand panel of Fig. 9. We find a striking increase in
flux with increase turbulent amplitude for our model with
λρ = 40 pc. On the contrary for λρ ≤ 20 pc the opposite
is true. In order to check whether this is due to a partic-
ular random realisation of our turbulent density field or a
systematic effect, we simulate the case of λρ = 40 pc with
δρ/ρ = [0.5, 0.75, 1] with three different random realisation
of turbulence and show the results in Fig. 10. The differ-
ent monotonic and non-monotonic behaviour of the gamma-
ray flux for each random realisation indicates that this be-
haviour is not systematic and due to random variance.
7 SPECTRA
Recent observations of the ambient density around Vela Jr.
and RX J1713 suggest the presence of clumps and thus a
hadronic origin of the GeV-TeV gamma-ray emission (Fukui
et al. 2003, 2012; Maxted et al. 2012, 2018). On the other
hand, the low density of the dilute phase of ISM and X-ray
measurements for SN1006 suggest mixed leptonic-hadronic
models to explain both the GeV and the TeV flux in a unified
picture as shown by recent simulations (Winner et al. 2020):
while the GeV gamma-ray regime has a significant leptonic
contribution, in this model the TeV range is dominated by
hadronic gamma rays (H.E.S.S. Collaboration 2010).
We can reproduce the observed VHE gamma-ray spec-
tra of all three SNRs for our adopted parameters. To demon-
strate this, we compare the observational data from FERMI
and H.E.S.S. to a one-zone model in which the CR proton
spectrum is described by a power law with exponential cutoff
of the form:
f1D(p) = d
2N
dpdV ∝ p
−α exp
[
−
(
p
pcut
)β]
(6)
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Figure 9. Left and centre: distribution of the radii of the external signal contours of the gamma-ray brightness map shown in white in
Fig. 8 for three selected models in our isotropic acceleration scenario that does not depend on magnetic obliquity. Increasing fluctuation
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Figure 10. Gamma-ray flux for our turbulent density distribu-
tion with λρ = 40 pc for different random realisations of turbu-
lence as function of the turbulent amplitude. The seed labelled
with 0 represents the one used for the realisations in Fig. 8. The
plot shows no clear trend associated with the turbulent amplitude.
Random seed 0 causes a larger gamma-ray intensity because of
the specifics of the overdensities which lead to the formation of a
bright shell while this effect is not significant for the other tested
random seeds.
where f1D(p) = 4pi p2f3D(p), α is the spectral index, pcut is
the cutoff momentum and β describes the sharpness of the
cutoff; with values reported in Table 1.
The resulting spectra of our hadronic models are shown
in Fig. 11 and match the observed spectra. We further notice
that in SN1006 the gamma-ray spectrum extends to higher
energies, arguing for a larger maximum CR proton energy
in comparison to the turbulent cases of Vela Jr. and RX
J1713. This difference depends on a range of different fac-
tors such the progenitor (SNIa for SN1006 and core-collapse
for Vela Jr. and RX J1713), the ISM density, the local mag-
netic field amplification in the upstream and the time the
particles spent in favourable conditions (e.g., quasi-parallel
shock geometries) at the shock. However, the limited angu-
lar resolution of H.E.S.S. precludes a more in-depth analysis
of the acceleration mechanism leaving this task to the next
generation of ground-based arrays such the Cherenkov Tele-
scope.
8 CONCLUSIONS
In this paper we use MHD simulations with CR physics to
explore the effect of density inhomogeneities on the TeV
gamma-ray morphology from SNRs during their Sedov-
Taylor stage. Our setup allow us to explore several combi-
nations of homogeneous and turbulent magnetic fields and
ambient density distributions. We find that a single physi-
cal model, namely obliquity-dependent shock acceleration of
CRs, is capable of explaining the apparently disparate TeV
gamma-ray morphologies of well-known shell-type SNRs. In
this hadronic emission scenario, gamma-ray bright regions
result from quasi-parallel shocks which are known to effi-
ciently accelerate CR protons, and gamma-ray dark regions
point to quasi-perpendicular shock configurations.
The main characteristics of the emission of SN1006 (a
type Ia SN) can be explained by a homogeneous magnetic
field superposed on a density gradient that explains the dif-
ferent integrated gamma-ray flux of both polar caps. By
contrast, the irregular gamma-ray morphologies of the core
collapse SNRs Vela Jr. and RX J1713 is owing to a turbulent
magnetic field withB0 ≈ 0 that is supplemented with a pop-
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Figure 11. High energy spectra spectra of SN1006 (left), Vela Jr. (centre) and RX J1713 (right). The models assume a hadronic
pion-decay emission scenario for the three SNRs. For SN1006, we use data from FERMI (Abdo et al. 2010) and H.E.S.S. (H.E.S.S. Col-
laboration 2010) (sum of the two regions). For Vela Jr., we adopt gamma-ray data from FERMI (Tanaka et al. 2011) and H.E.S.S.
(H.E.S.S. Collaboration 2018b). For RX J1713, the gamma-ray data are taken from FERMI (Abdo et al. 2011) and H.E.S.S. (H.E.S.S.
Collaboration 2018a).
ulation of multiphase dense molecular clumps that are char-
acteristic for star formation regions (and complemented with
a weak density gradient in the case of RX J1713). Adapt-
ing a straw man’s model of isotropic CR acceleration (that
does not depend on magnetic pre-shock orientation) we con-
clude that this model is not able to reproduce the sharp
bi-lobed morphology observed for SN1006 even the pres-
ence of moderately strong density fluctuations. Moreover,
the simulated azimuthal profiles of this isotropic accelera-
tion model with strong density variations cannot reproduce
the observed rapid variations of the gamma-ray emissivity
of Vela Jr. and RX J1713 without significantly corrugating
the shock surface, which is then ruled out by the spherical
morphologies of these SNRs.
Our main findings are summarised here:
• Moderate density fluctuations can be responsible for a
local modulation of the gamma-ray emissivity irrespective
of the magnetic morphology both in a constructive and de-
structive way. We show that density fluctuations on a scale
comparable to the size of the remnant and with an am-
plitude that is stronger than 75 per cent with respect to
the mean ISM density causes a corrugated shock front that
generates strong local variations in the shock acceleration
efficiency and eventually a very asymmetrical appearance of
the gamma-ray SNR.
• For SN1006, using the relative brightness of the NE and
SW lobes, we constrain the intensity of the density gradi-
ent to be no more than 0.0035 cm−3/pc and directed from
SW to NE. We predict that local density fluctuations with
λρ ' 4 pc and δρ/ρ = 0.5 are secondary in shaping the mor-
phology of the remnant if compared to a moderate level of
turbulence of the local magnetic field with a coherence scale
at 1/3 of the size of the remnant. However, we note that the
presence of density fluctuations can explain the strong asym-
metry of the distribution of Fe and other heavy elements for
this remnant.
• The strong noise level surrounding the SN1006 SNR
does not allow more precise constraints on the properties
of the surrounding ISM. We conclude that for such level of
noise a model with negligible density fluctuations better rep-
resents the morphology of SN1006. Performing a 3D rotation
of the SNR around the axis perpendicular to the orientation
of B0 into the line of sight, the emerging radial emission
profiles constrain the inclination of the magnetic field to be
. 10◦. Our azimuthal emission profiles for different mag-
netic inclinations are rather robust and show an excellent
agreement with the observational profile except for the NE
lobe, which is somewhat broader in our simulations. While
this could signal a different functional form of the obliquity
dependence of CR acceleration, this conclusion is unfortu-
nately degenerate with density fluctuations that could also
cause a sharper gamma-ray peak.
• Our generated gamma-ray mock maps with obliquity-
dependent acceleration are capable of reproducing most of
the properties observed for Vela Jr. and RX J1713 such the
length of the shell filaments, the internal patchy emission,
the large-scale gamma-ray bright rims and moderate (small-
scale) corrugations at the shock front. The fainter emis-
sion at the centre of the remnants expanding in a turbulent
magnetic field is compensated by the addition of molecular
clumps and superposing noise to the images. By contrast
an isotropic CR acceleration scenario fails to reproduce the
azimuthal profiles.
• In addition, by considering an isotropic CR acceleration
scenario for Vela Jr. and RX J1713 with a varying level of
density fluctuations and coherence scales, we exclude strong
density fluctuations with a coherence scale comparable to
the size of the remnant are responsible for the observed emis-
sion morphology. This is because sufficiently strong density
fluctuations (that would be needed to explain the significant
gamma-ray brightness fluctuations) cause a heavily corru-
gated shock surface which is in direct conflict with the al-
most spherical shape of SNRs RX J1713 and Vela Jr. The
comparison between the radial dispersions of our simulated
mock maps and the excess maps of the SNRs RX J1713
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and Vela Jr. enables us to limit the density fluctuations to
δρ/ρ0 . 75 per cent of the average ISM density.
For the first time, our models are able to match morpho-
logical and spectral properties of all known shell-type TeV
gamma-ray SNRs. Remarkable improvements in the angular
resolution in future surveys (beyond what is achievable by
CTA) are needed to resolve the TeV emission from individ-
ual molecular clumps which would yield a deeper insight in
the structure of the circumstellar ISM.
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APPENDIX A: NOISE THRESHOLD FOR
GAMMA-RAY EXCESS MAPS
The gamma-ray excess maps of SN 1006, Vela Jr. and RX-
J1713 show detailed signal morphologies in addition to in-
strumental and gamma-ray reconstruction noise. We assume
that the noise is normally distributed and define the noise
threshold to be equal to the absolute value of the most neg-
ative value. To justify this approach we report the distribu-
tion of excess counts of H.E.S.S. observations of the three
SNRs analysed here in Fig. A1. This shows that the excess
counts at the low end are dominated by Gaussian noise with
zero mean. We exclude these counts and isolate the excess
counts of the SNR signal. We set cmin = −20 for SN 1006,
cmin = −50 for Vela Jr., and cmin = −2 for RX J1713. We
note that in our synthetic modeling, the generated noise is
also normally distributed with zero mean.
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Figure A1. H.E.S.S. gamma-ray excess count distributions of the full gamma-ray brightness maps of SN 1006 (H.E.S.S. Collaboration
2010), Vela Jr (H.E.S.S. Collaboration 2018b), and RX J1713 (H.E.S.S. Collaboration 2018a). The blue parts of the histograms represent
the counts associated with noise while the red parts denote excess counts associated with the SNR signal. We fit a normal distribution
(black dashed line) with zero mean to show that the significance distribution of the field-of-view is compatible with statistical noise
fluctuations.
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